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Doing silly things with series

(and why they might not be silly)

Recall the geometric series

1 + x + x2 + x3 + · · · = 1

1− x

Reason dictates that this formula only
makes sense for |x | < 1.

Ignoring so called “reason”, we plug in
x = 2 and conclude

1 + 2 + 22 + 23 + · · · = −1 (!)

(cue scandalised gasps of astonishment)

Maybe we can derive some meaning from
this:

− 1 ≡ 1 mod 2

− 1 ≡ 3 ≡ 1 + 2 mod 22

− 1 ≡ 7 ≡ 1 + 2 + 22 mod 23

...

− 1 ≡ 1 + 2 + 22 + 23 + · · · mod 2∞ (?)
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Some history

Kurt Hensel started developing the theory of p-adic numbers from
1893.

Began by investigating “p-adic expansions” of algebraic numbers

Applied his theories in 1897 to solve a 15-year-old conjecture of
Dedekind

Gave a p-adic proof of transcendence of e (which was
completely wrong)

Incredibly, in 1800, Gauss was already
investigating p-adic expansions of
algebraic numbers, though he never
went as far as Hensel.
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p-adic expansions of algebraic numbers

Consider
√
5.

It is a root of X 2 − 5.

X 2 − 5 has root

X ≡ 4 mod 11

X ≡ 48 ≡ 4 + 4 · 11 mod 112

X ≡ 4 + 4 · 11 + 10 · 112 mod 113

...

“
√
5” = X ≡ 4 + 4 · 11 + 10 · 112 + · · · mod 11∞

In some well-defined sense, we can say
√
5− 4 is divisible by 11.
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Formal definitions

Fix a prime number p ∈ N.

Definition

Let x ∈ Q be non-zero. Write x = a
bp

r , where a, b, p are coprime.
Define the p-adic valuation by

vp(x) := r for all non-zero x ∈ Q
vp(0) := ∞

Define the p-adic absolute value by |x |p = p−vp(x).

Examples

v3(18) = 2 =⇒ |18|3 = 3−2

v5
(

1
10

)
= − 1 =⇒

∣∣ 1
10

∣∣
5
= 5

v2
(
2100

)
= 100 =⇒ |2100|2 = 2−100
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Basic properties

(Recall vp(
a
bp

r ) = r , vp(0) = ∞, and |x |p = p−vp(x)).

Properties

(Positive definite) |x |p ≥ 0 with equality if and only if x = 0.

(Multiplicative) |xy |p = |x |p|y |p.
vp(xy) = vp(x) + vp(y).

(Ultrametric inequality) |x + y |p ≤ max{|x |p, |y |p}.

vp(x + y) ≥ min{vp(x), vp(y)}.

The above properties show | · |p really is an absolute value (and in particular, a norm).
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The p-adic numbers (Recall vp(
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Recall that a sequence (xn)
∞
n=0 in a normed space (V , ∥ · ∥) is a Cauchy sequence if for

all ε > 0, there exists N > 0 such that ∀n,m ≥ N, ∥xn − xm∥ < ε.

Recall also that the completion V is defined to be the set of limit points of Cauchy
sequences in V .

E.g. we define the real numbers R to be the completion of Q with respect to the
modulus | · |.

Definition

The set of p-adic numbers Qp is defined to be the
completion of Q with respect to | · |p.
The set of p-adic integers Zp is defined to be the
completion of Z with respect to | · |p.

Q

R Q2

Q3

Q5· · ·

| · | | · |2

| · |3

| · |5| · |p

Zp

Qp

Fact (disc characterisation and compactness)

Zp is the unit closed disc {x ∈ Qp : |x |p ≤ 1} ⊆ Qp, and is compact.
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What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11

√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) =

0, v11(
√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0,

v11(
√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) =

v11(4 · 11 + 10 · 112 + · · · ) = 1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) =

1.



What do the p-adic numbers look like?

Recall every natural number x ∈ N has a base-p expansion
x = a0 + a1p + a2p

2 + · · ·+ aNp
N , an ∈ {0, 1, . . . , p − 1}.

Fact (series representation of p-adic numbers)

Any x ∈ Zp may be written as x =
∑∞

n=0 anp
n, for an ∈ {0, 1, . . . , p − 1}

Any x ∈ Qp may be written as x =
∑∞

n=−N anp
n, for an ∈ {0, 1, . . . , p − 1}.

We have vp
(∑∞

n=−N anp
n
)
= r , where r is the first integer such that ar ̸= 0.

Examples

We may formalise what we saw in the beginning.√
5 = 4 + 4 · 11 + 10 · 112 + · · · ∈ Z11√
5 ≡ 4 mod 11,

√
5 ≡ 4 + 4 · 11 mod 112, etc...

v11(
√
5) = 0, v11(

√
5− 4) = v11(4 · 11 + 10 · 112 + · · · ) = 1.



More examples

Recall the geometric series S(x) = 1 + x + x2 + x3 + · · · = 1
1−x converges in R for |x | < 1.

For x ∈ Zp, we have S(x) converges for |x |p < 1.

Example

We have 1 + 2 + 22 + 23 + · · · = −1 ∈ Z2.
Sanity check:

1 +−1 = 1 + 1 + 2 + 22 + 23 + · · ·
= 2 + 2 + 22 + 23 + · · ·
= 22 + 22 + 23 · · ·
= 23 + 23 + · · ·
...

= 0

Further examples

−1
2 = 1 + 3 + 32 + 33 + · · · ∈ Z3.

Even though − 1
2 ∈ Q \ Z, we have

− 1
2 ∈ Z3, since v3(− 1

2 ) = 0.

In general as long as vp(
a
b ) ≥ 0, then

a
b ∈ Zp.

The p-adic expansion of any rational
number is ultimately periodic.

2
7 = 4 + 9 · 13 + 3 · 132 + 9 · 133 + 3 ·
134 + 9 · 135 + 3 · 136 + · · · ∈ Z13
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What else is in Zp?

We have seen e.g. that
√
5 ∈ Z11. But how do we know this?

Hensel’s Lemma

Given a polynomial f (x) = xd + ad−1x
d−1 + · · ·+ a0 ∈ Zp[x ], if there exists a ∈ Z

such that f (a) ≡ 0 mod p and f ′(a) ̸≡ 0 mod p, then there is a unique α ∈ Zp s.t.

1 f (α) = 0,

2 α ≡ a mod p.

Proof. Newton iteration: α0 = a and αn+1 = αn − f (αn)
f ′(αn)

.
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Examples
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Given a polynomial f (x) = xd + ad−1x
d−1 + · · ·+ a0 ∈ Zp[x ], if there exists a ∈ Z

such that f (a) ≡ 0 mod p and f ′(a) ̸≡ 0 mod p, then there is a unique α ∈ Zp s.t.

1 f (α) = 0,

2 α ≡ a mod p.

Example

Is
√
2 ∈ Z5?

No! f (x) = x2 − 2 has f (x) ̸≡ 0 mod 5 for all x ∈ {0, 1, 2, 3, 4}.

Example

Is
√
−1 ∈ Z5? Yes! Consider f (x) = x2 + 1 ∈ Z5[x ]. Then f (2) = 5 ≡ 0 mod 5, and

f ′(2) = 4 ̸≡ 0 mod 5. By Hensel’s Lemma ∃!α ∈ Z5 with α2 = −1 and α ≡ 2 mod 5.
We write

√
−1 := α.
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such that f (a) ≡ 0 mod p and f ′(a) ̸≡ 0 mod p, then there is a unique α ∈ Zp s.t.

1 f (α) = 0,

2 α ≡ a mod p.

Example

Is
√
2 ∈ Z5? No! f (x) = x2 − 2 has f (x) ̸≡ 0 mod 5 for all x ∈ {0, 1, 2, 3, 4}.

Example

Is
√
−1 ∈ Z5? Yes! Consider f (x) = x2 + 1 ∈ Z5[x ]. Then f (2) = 5 ≡ 0 mod 5, and

f ′(2) = 4 ̸≡ 0 mod 5. By Hensel’s Lemma ∃!α ∈ Z5 with α2 = −1 and α ≡ 2 mod 5.

We write
√
−1 := α.
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What else is in Zp? (continued)

Corollary of Chebotarev’s Density Theorem

For any finite set of algebraic numbers λ1, . . . , λt , there exists a prime number p such
that λ1, . . . , λt ∈ Zp.

Does Zp also contain transcendental numbers? Yes!

1 By Cantor’s diagonal argument on the series representations
x =

∑∞
n=0 anp

n ∈ Zp, we know Zp is uncountable.

2 The set of algebraic numbers Q is countable.

3 Therefore Zp contains transcendental elements.
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Summary

vp(x) = “# times p
divides x”

|x |p = p−vp(x)

Qp is completion of Q with
respect to | · |p
Zp is completion of Z with
respect to | · |p

x ∈ Zp has series representation x =
∑∞

n=0 anp
n

x ≡∑r−1
n=0 anp

n mod pr

Q

R Q2

Q3

Q5· · ·

| · | | · |2

| · |3

| · |5| · |p

Zp is uncountable, contains many transcendental numbers

Zp contains many (but not all) algebraic numbers – use Hensel’s Lemma to check
which ones

For any algebraic λ1, . . . , λt , there exists prime p such that λ1, . . . , λt ∈ Zp



Outline

1 Introduction to p-adic numbers – history, definitions and basics

2 p-adic analytic functions and the Skolem-Mahler-Lech theorem

3 Application to the complexity of the Skolem Problem at low orders



p-adic analytic functions

We have already seen an example of an analytic function.

Example (geometric series)

S(x) = 1 + x + x2 + x3 + · · · is an analytic function with radius of convergence
|x |p < 1.

For |x |p < 1 we have S(x) = 1
1−x .

Definition

A function f is analytic on domain D if it is represented by a power series
f (x) =

∑∞
n=0 anx

n for x ∈ D.
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Exponential and Logarithm

Example (exponential)

exp(x) =
∑∞

n=0
xn

n!

Radius of convergence is |x |p ≤ p−1

Example (logarithm)

log(1 + x) =
∑∞

n=1(−1)n+1 xn

n

Radius of convergence is |x |p < 1

The usual properties hold:

exp(x + y) = exp(x) exp(y) log(xy) = log(x) + log(y) exp(log(x)) = log(exp(x)) = x

Therefore, they define group isomorphisms (for p > 2):

(pZp,+)
exp
−→←−
log

(1 + pZp, ·)
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Strassman’s theorem

You might recall from complex analysis that an analytic function on a compact domain
that is not identically zero has finitely many zeros.

Strassman’s Theorem

Let f (x) =
∑∞

j=0 bjx
j ∈ Zp[[x ]] be a non-zero power series with |bj |p → 0.

Define j(f ) to be the largest index j at which |bj |p is maximal; that is,

j(f ) = sup

{
j ≥ 0 : |bj |p = max

i≥0
|bi |p

}
= sup

{
j ≥ 0 : vp(bj) = min

i≥0
vp(bi )

}
.

Then f has at most j(f ) zeros in Zp.

Proof sketch. Induction on j(f ). Base case: if j(f ) = 0 then by ultrametric inequality
one proves |f (x)|p = |b0|p > 0, so f (x) ̸= 0 for all x ∈ Zp.
In the case where j(f ) > 0, assume there is a zero α ∈ Zp, then factor
f (x) = (x − α)g(x), and show j(g) = j(f )− 1. Now apply induction hypothesis.
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Example using Strassman’s Theorem

Strassman’s Theorem

Let f (x) =
∑∞

j=0 bjx
j ∈ Zp[[x ]] be a non-zero power series with |bj |p → 0. Define j(f )

to be the largest index j at which |bj |p is maximal; that is,

j(f ) = sup

{
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|bi |p

}
= sup

{
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vp(bi )

}
.

Then f has at most j(f ) zeros in Zp.

Example

Consider f (x) = exp(3x) =
∑∞

j=0
(3x)j

j! = 1 + 3x + 9x2

2 + · · · ∈ Z3[[x ]].

Then j(f ) = 0, so f has no zeros in Z3.
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Let f ∈ Z3[[x ]] be f (x) = 18 + 3x + 21x3 + 27x4 + 9x5.

Then min
i≥0

vp(bi ) = 1, and j(f ) = 3, so f has at most 3 zeros in Z3.
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|bi |p

}
= sup

{
j ≥ 0 : vp(bj) = min

i≥0
vp(bi )

}
.

Then f has at most j(f ) zeros in Zp.

Example

Let f ∈ Z3[[x ]] be f (x) = 18 + 3x + 21x3 + 27x4 + 9x5.

Then min
i≥0

vp(bi ) = 1, and j(f ) = 3, so f has at most 3 zeros in Z3.



Linear Recurrence Sequences

We will apply Strassman’s theorem to prove a very nice theorem about zeros of linear
recurrence sequences.

Example: Fibonacci

Recall the Fibonacci sequence defined by
F0 = 0, F1 = 1, and

Fn+2 = Fn+1 + Fn .

We have

⟨Fn⟩∞n=0 = ⟨0, 1, 1, 2, 3, 5, 8, 13, . . . ⟩

and

Fn =
1√
5

((
1 +

√
5

2

)n

+

(
1−

√
5

2

)n)

Definition

A linear recurrence sequence (LRS) is a
sequence ⟨un⟩∞n=0 of integers satisfying a
recurrence relation

un+d = a1un+d−1 + · · ·+ adun

where a1, . . . , ad ∈ Z and ad ̸= 0. We say
u is of order d .

Fact (exponential-polynomial
representation)

For any LRS we have un =
∑s

i=1 Pi (n)λ
n
i ,

for polynomials Pi and algebraic λi .
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Zeros of Linear Recurrence Sequences

Example: Fibonacci

We have F0 = 0, F1 = 1, and
Fn+2 = Fn+1 + Fn, so

⟨Fn⟩∞n=0 = ⟨0, 1, 1, 2, 3, 5, 8, 13, . . . ⟩ .

Clearly Fn > 0 for all n > 0 so the only
zero in the sequence is at index n = 0.

Example: An interleaving

Define u0 = 0, u1 = 1, and un+2 = 2un.
Then we have

⟨un⟩∞n=0 = ⟨0, 1, 0, 2, 0, 4, 0, 8, . . . ⟩ .

We have u2n = 0 and u2n+1 = 2n for all
n ≥ 0. Infinitely many zeros.

Example: Berstel’s sequence

Define u0 = u1 = 0, u2 = 1, and un+3 = 2un+2 − 4un+1 + 4un. Then we have

⟨un⟩∞n=0 = ⟨0, 0, 1, 2, 0,−4, 0, 16, . . . ⟩ .

The set of zeros is exactly {0, 1, 4, 6, 13, 52}.
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Skolem-Mahler-Lech

Theorem (Skolem-Mahler-Lech)

Given an LRS u = ⟨un⟩∞n=0, its set of zeros {n ∈ N : un = 0} is a union of finitely many
arithmetic progressions and a finite set.

Proof idea.

Recall the exponential-polynomial form

un =
s∑

i=1

Pi (n)λ
n
i ,

where Pi are polynomials with algebraic coefficients.
Idea: we would like to analytically continue un into
a p-adic analytic function f : Zp → Zp and apply
Strassman’s theorem;

“f (x) =
s∑

i=1

Pi (x) exp(x log λi )”

Problems:

1 λi may not be in arbitrary Zp.

2 log does not converge on Zp,
but rather on 1 + pZp.

(pZp,+)
exp
−→←−
log

(1 + pZp, ·)
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Pi (n)λ
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i

1 By Chebotarev’s Density Theorem, there exists
a prime p such that coefficients of P1, . . . ,Ps

and λ1, . . . , λs are in Zp

2 By Fermat’s Little Theorem, λp−1
i ≡ 1 mod p,

meaning λp−1
i ∈ 1 + pZp.

Therefore log(λp−1
i ) converges and

log(λp−1
i ) ∈ pZp, so exp(x log λp−1

i ) converges
for all x ∈ Zp.
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Given an LRS u = ⟨un⟩∞n=0, its set of zeros {n ∈ N : un = 0} is a union of finitely many
arithmetic progressions and a finite set.

Proof. We have un =
∑s

i=1 Pi (n)λ
n
i .

Pick (by Chebotarev’s Density Theorem) a prime
p such that λ1, . . . , λs ∈ Zp. For each 0 ≤ r ≤ p − 2, define

fr (x) =
s∑

i=1

Pi ((p − 1)x + r)λr
i exp(x log λ

p−1
i )

Then fr : Zp → Zp is an analytic function.
Moreover, writing n = (p − 1)m + r , we have un = fr (m).

Either fr is identically zero (in which case this contributes an arithmetic progression
{(p − 1)n + r : n ∈ N} to the zero set) or by Strassman’s Theorem, fr has finitely
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The Skolem Problem

The Skolem-Mahler-Lech theorem tells us what the structure of the zero set of an LRS
u looks like, but it doesn’t tell us how to find the zeros (or if a zero exists)!

The Skolem Problem

Instance: An LRS u.
Question: Is there n ∈ N such that un = 0?

Despite being studied for over 90 years, the Skolem
Problem is still not known to be decidable!
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What do we know?

Theorem (Mignotte, Shorey, Tijdeman, Vereshchagin, 1984)

The Skolem Problem is decidable for all LRS of order ≤ 4.

Moreover, there is an exponential-magnitude bound B such that if the LRS has a zero,
it must have a zero in the range [0,B].

Decidability is still open at order 5!

Hard Example

Let

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n .

This defines an order-6 LRS. It is currently unknown whether u has a single zero.

It has at most 1 zero

It has no zeros in the range [0, 101000]
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What about complexity?

The Bounded Skolem Problem

Instance: An LRS u and bound B.
Question: ∃n ≤ B s.t. un = 0?

Theorem (Chonev, Ouaknine, Worrell, 2016)

The Bounded Skolem Problem is in NPRP.

Fact (matrix representation)

An LRS may be represented as
un = α⊤Anβ.

E.g. if un+3 = 2un+2 − 4un+1 +4un with
u0 = 0, u1 = 1, u2 = 2, then

un =
(
0 0 1

)2 −4 4
1 0 0
0 1 0

n2
1
0

 .

1 Guess index 0 ≤ n ≤ B.

2 Use repeated squaring with matrix
representation un = α⊤Anβ to build
polynomial-size arithmetic circuit C (n)
outputting un.

3 Check if C (n) = 0 (in coRP by
[Schönhage 1979]).

Theorem (Blondel & Portier 2002)

The Bounded Skolem Problem is NP-hard.
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What about bounded orders?

The Bounded Skolem Problem

Instance: An LRS u and bound B.
Question: ∃n ≤ B s.t. un = 0?

The Bounded Skolem Problem for order d

Instance: An LRS u of order d and bound B.
Question: ∃n ≤ B s.t. un = 0?

It is not obvious one can do better with restricted orders, since one still needs to search
an exponentially large range. Yet:

Theorem (B., Ouaknine, Worrell, 2026)

The Bounded Skolem Problem for order d is in coRP.

Corollary

The Skolem Problem for LRS of order 4 is in coRP.

We will sketch out how one can
use p-adic techniques to search
for zeros in a smarter way, from
which this result follows.
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Back to the p-adic world

We fix an integer d . We use the following facts.

Fact (p-adic interpolation of LRS)

Given an LRS u of order d , we may choose a prime p and integer N such that for each
0 ≤ r ≤ N − 1 we have analytic functions

fr : Zp → Zp , fr (n) = uNn+r .

Moreover, p and N may be chosen to have polynomial size.

The first part is by the proof of Skolem-Mahler-Lech we saw earlier. We omit the
details of the second part about polynomial magnitude.
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Back to the p-adic world

Strassman’s Theorem

Let f (x) =
∑∞

j=0 bjx
j ∈ Zp[[x ]] be a non-zero power series with |bj |p → 0. Define j(f )

to be the largest index j at which |bj |p is maximal; that is,

j(f ) = sup

{
j ≥ 0 : |bj |p = max

i≥0
|bi |p

}
= sup

{
j ≥ 0 : vp(bj) = min

i≥0
vp(bi )

}
.

Then f has at most j(f ) zeros in Zp.

Theorem (van der Poorten & Schlickewei, 1991)

If u is an LRS of order d , if p is a suitable prime and fr : Zp → Zp is analytic with
fr (n) = uNn+r , then j(fr ) ≤ d − 1.
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fr (n) = uNn+r , then j(fr ) ≤ d − 1.
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Suppose we could decide whether a given residue class a mod 3ℓ has a p-adic zero of f
or not.
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The idea

Given f (x) =
∑∞

j=0 bjx
j , recall j(f ) = sup {j ≥ 0 : vp(bj) = mini≥0 vp(bi )}.

By Strassman’s Theorem,

if j(f ) = 0, then f has no zeros in Zp,

if j(f ) > 0, then f might have a zero in Zp.

Lemma

Let a, ℓ ∈ Z, and ha,ℓ(x) := f (pℓx + a). If j(ha,ℓ) = 0, then f has no p-adic zeros
congruent to a mod pℓ.

Proof. Suppose y ≡ a mod pℓ and f (y) = 0. Then ∃x ∈ Zp such that y = a+ pℓx , so
f (pℓx + a) = ha,ℓ(x) = 0, and therefore j(ha,ℓ) > 0.
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

h0,1(x) = f (3x) = 32 · 8− 35 · 2x + 32 · 8x2 + 33 · 79x3 + 34 · 22x4 + 35x5

j(h0,1) = 2 > 0
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

h0,2(x) = f (32x) = 32 · 8− 36 · 2x + 34 · 8x2 + 36 · 79x3 + 38 · 22x4 + 310x5

j(h0,2) = 0
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

h3,2(x) = f (32x + 3) = 32 · 28 + 33 · 16x − 34 · 199x2 − 36 · 95x3 − 38 · 7x4 + 310x5

j(h3,2) = 0
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

h6,2(x) = f (32x+6) = −32 ·476−33 ·1354x−34 ·1162x2−36 ·89x3+38 ·8x4+310x5

j(h6,2) = 0
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

h1,1(x) = f (3x + 1) = −3 · 8 + 3 · 8x + 33 · 41x2 + 33x3 − 34 · 17x4 + 35x5

j(h1,1) = 1 > 0

0 1 2

0 3 6 1 4 7 2 5 8

...
...

...
...

...
...

...
...

...

Colour residue class green if it might have a zero of f , and red if
not.

mod 3

mod 32



Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

h1,1(x) = f (3x + 1) = −3 · 8 + 3 · 8x + 33 · 41x2 + 33x3 − 34 · 17x4 + 35x5

j(h1,1) = 1 > 0

0 1 2

0 3 6 1 4 7 2 5 8

...
...

...
...

...
...

...
...

...

Colour residue class green if it might have a zero of f , and red if
not.

mod 3

mod 32



Example run
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

j(h4,2) = 1
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

j(h7,2) = 0
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.
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Example run

We apply the algorithm to f (x) = 72− 162x + 8x2 + 79x3 − 22x4 + x5, with p = 3.

We now check f (4) = 0, so 4 is the only integer zero of f in the range [0, 32].
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