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Outline of the Lecture

1. Games on Graphs & Reactive Synthesis
Game arenas, strategies, w-regular objectives, CPre, attractors,
Biichi/parity games, Zielonka algorithm

2. Angluin’s L* Algorithm and RPNI
Membership/equivalence queries, observation tables, L* for DFAs (active
learning), Gold problem (passive learning), RPNI, sample set

3. Monte Carlo Tree Search
Selection, expansion, simulation, backpropagation, and UCT guarantees
(multi-armed bandid problem)



Part 1

Games on Graphs
and Reactive Synthesis



Motivation: Reactive Synthesis

The Setting

A reactive system interacts with an
adversarial environment in an infinite
sequence of rounds.

Given a specification ¢ (the What),
find a strategy for Sys (the How) such
that ¢ holds for all environment
behaviours.

Key Ideas
» Correct by construction: no
post-hoc verification needed.

» Adversarial environment:
worst-case assumption.

» Underlying formalism: 2-player
zero-sum game on a graph.

Sys
(strategy)

inputs outputs

Env
(adversary)

Winning strategy = correct Sys



LTL Reactive Synthesis

The Church Synthesis Problem
v I:I.ol'l...l'n...EIw n—)OZOOOIH.On“.GOM
environment synchronous response

oo 01 ... inOn ... E ¢

Problem
Given an LTL formula ¢ over AP = | & O, decide whether there exists a strategy

o : I" - I — O such that for all input sequences (environment is adversarial)
T=lgir...in... €1

io~0'(io)~f1~0’(foi1)~ el i,,-o’(foil...i,,)- ': %2

and if so, construct such a strategy.



Game played on Graphs



Game Arena

Definition

A finite two-player game arena is a tuple A = (51, S, E, Sinit) where:
> S;: finite set of states of Player 1 (protagonist, )
> S,: finite set of states of Player 2 (antagonist, ) S=5US;
> E C S x S: total transition relation (Vs € S-3s" € S: (s,s') € E)
> st € S:oinitial state

@ 2 O states: S; = {1,3,5}

O states: S, = {2,4}

Y Sinit = 1 (double border)
3 4 In state s € S;, Player j moves
Y the token. Their infinite

interaction forms
p=ss15 -+ € §¥.



Plays, Histories, and Strategies

Plays and Histories
> A play p = spsis--- € 5¥ is an infinite path in A.
» Notations:
visit(p) = {s | i = 0: 5 = s},
inf(p) = {s | s = s; for infinitely many i}.
» A history m = sps1 -+ -5, € S* - S; belongs to Player j if
last(m) = s, € §;.

Strategies
A strategy for Player j is a function A; : $* - 5; — S such that
(last(m), Aj(m)) € E for all histories 7.
» Memoryless (positional): \j(m) = Aj(n") whenever
last(7) = last(n’), ie Aj:S — S.
» Finite-memory: A; computed by a finite transducer over S.



Winning Objectives
A zero-sum game (A, Winy): Winp = S¥ \ Win;.

w-Regular Objectives for Player 1
Let TC Sand p:S—{0,1,...,d} a priority function.

Objective Definition Condition on play
Reach(T) {p | visit(p) N T # 0} visit T at least once
Safe(T) {p | visit(p) C T} stay in T forever
Biichi(T) {p|inf(p) N T # 0} visit T infinitely often
coBuchi(T) {p|inf(p) C T} eventually stay in T

Parity(p) {p | min{p(s) | s € inf(p)} even} min recurrent priority is even

> Parity subsumes all others: Biichi +» p € {0,1}, coBiichi +» p € {1,2}
Safety <+ p € {1,2} (+1 bit), Reachability similarly.
» Parity objectives correspond to w-regular languages.



Winning Strategies

Compatible Plays and Outcomes
A play p = sps15 - - - € §¥ is compatible with ); if for every i > 0:

Si € SJ - Sit1 = )\j(S()Sl e S,').
The outcome set of ); from state s is:
Outcome(s, A;)) = {p € 5% | po ='s, p compatible with \;}.

Given strategies A1, Ay, the outcome from s is the unique play
Outcome(s, A1, A2) € S compatible with both.

Winning Strategy

Player j has a winning strategy from s if there exists A; such that
Outcome(s, A;) € Win; (equivalently, for all Az_;,

Outcome(s, A1, A2) € Winy).



Deteminacy

Theorem (Martin, 1975)

For every two-player game arena A and every Borel objective
Win; C S%, the zero-sum game (A, Winy) is determined:
either Player 1 has a winning strategy for Win;,

or Player 2 has a winning strategy S \ Winj.

» All w-regular objectives are Borel = determined.

» In the finite-arena and w-regular objectives: effective algorithms
compute winning regions and optimal strategies.

» Key question: which objectives admit memoryless optimal strategies?



Elements of algorithms
for game graphs



Controllable Predecessor
Definition
For aset T C S and player j € {1,2}:
CPrej(T) =

{se€S|3'eT:(s;s)eE} U{seS_;|V(s,s)eE:s' €T}

Player j owns s and can move to T Player (3—j) owns s, all moves go to T

From all s € CPrej(T), Player j can enforce entering T in one step.

[llustration
T = {t} (orange).

s1 € S1: can choose edge s; — t
= 51 € CPrey(T).

p $ €Sy hasedge s, > x¢ T
2 = S ¢ CPrel(T).




Attractor

Definition

The attractor of T C S for Player j is
the least fixpoint of

X — X U CPrej(X):

A =T,
A,'+1 = A,' U CPrej(A,-),

AttI‘j(T) = U A,'.

i>0

The sequence (A;) is increasing and
stabilises in at most |S| steps.

Intuition. Attr;(T) is the set of states
from which Player j can force reaching T,
no matter how Player (3—/) moves.

The complement S\ Attr;(T) is a trap for
Player j: Player 3 — j can force the play to
stay inside it, so no play starting there can
reach T if Player 3 — j chooses so.



Attractor: Memoryless Strategy

Lemma (Memoryless Attractor
Strategy)

For all s € Attr;(T), Player j has a
memoryless strategy to reach T from s.

Strategy construction. Assign rank
rk(s) :=min{i | s € A;}.
> 1k(s) =0« s e T: target already
reached.
» s S, rk(s)=i>0:
pick any s’ € A;_1 (exists:
s € CPrej(A,-_1)).
> se S, 1k(s)=i>0:
all successors lie in Aj—1 (by definition
of CPre;).

Correctness. The rank strictly
decreases at every step = T is reached
in < rk(s) steps.

Memoryless: the choice at s depends
only on s (not history).



Attractor:

Example

Compute Attr1(T) with T = {4}
(coloured ).

> Ao = {4}

> A; = Ao U CPre;1(Ao)
= {3’4}
A, = A1 UCPrei(A) =
{1’ 27 37 4}
As=AU{1,2,3,4} = A;
> Attri({4}) = {1.2,3,4)
> S\ Attri1({4}) = {5,6}
is a trap for Player 1.



Traps and Sub-Arenas

Trap
A set U C S is a trap for Player j if:
» foralls € UNS;: all successors of s are in U;
> forall s € UN S3_;: at least one successor of s is in U.
Intuitively: Player j cannot escape U, while Player (3—j) can stay in U.

Lemma
Forall T C Sandje {1,2}: S\ Attr;(T) is a trap for Player j.

Sub-Arena
If UC Sis atrap, then A[Ul=(51NU, SN U, EN(U x U)) is a valid
(total) game arena called the sub-arena induced by U.

These two notions — attractor and trap — are the building blocks of
many algorithms for w-regular games.



Reachability and Safety Games

Solved using attractors
Theorem (Reachability — Memoryless Determinacy)
In game (A, Reach(T)):
> Player 1 wins from s <= s € Attr1(T).

> Player 2 wins from s <= s ¢ Attr1(T), i.e. s stays in the trap
S\ Attry(T) forever under Player 2's trapping strategy.

» Both players have memoryless optimal strategies.

Dual Algorithm
Theorem (Safety — Memoryless Determinacy)
Define the decreasing fixpoint: Uy = T, U;y1 = U; N CPrey(U); let
U* =IlimU,.
» Player 1 wins Safe(T) from s < s¢& U*.
» U* is the largest sub-arena contained in T (a trap for Player 2).

» Both players have memoryless optimal strategies.

Note: Safe(T) = S¥ \ Reach(S\ T), so the two results are dual. Both
games solvable in O(|S| + |E]).



Bichi Games
Objective: Biichi(T) = {p | inf(p) N T # 0} — visit T infinitely often.

Recursive Algorithm SOLVEBUCHI(A, T)
Input: arena A, target T C S Output: Wi (winning states for Player 1)

W « Attr1(T)

if W=3S: return S

L« Attra(S\ W)

return SOLVEBUCHI(A[S \ L], T\ L)

Intuition:
> S\ W is a trap for Player 1 (Player 2 can avoid T there).
» Player 1 must never enter L = Attro(S \ W).
» Recurse on the arena where those "doomed" states are removed.

Complexity: O(|S| - |E|) — terminates after < |S| recursive calls, each
requiring one attractor computation.



Biichi Games: One Step of the Recursion in a Picture
Situation: W = Attry(T) € S,

° — L= Attra(S\ W).
. =Attry(T) T
1 . . .
S L is winning for Player 2
! » S\ W is a trap for Pl. 1 and
S\wW *--~ AS\ 1] (S\W)N T =0: Pl 2 confines the play
B AGE ! in S\ W forever — no visit to T.

» From L: attractor strategy to S\ W,

then trap. T is visited at most finitely
New target: T\ L (here T N L = @; in general L often, so L C Wh.

L = Attra(S\ W) = green U blue.

may swallow part of T).

The recursive call is exact

» S\ Lisatrap for Pl.2 = A[S\ L] is a
valid subgame.

» Winning Biichi(T \ L) in A[S\ L] wins
Biichi(T) in A: Pl. 2 can never push the
play into L.

» Conversely Wa(A) D Wa(A[S\L])UL
(switch to the attractor strategy if PI. 1
enters L).

= Wi(A) = Wi(A[S\ L]): correct by
induction on |S|.



Blichi Games: Correctness and Memoryless Determinacy

Theorem (Correctness)

SOLVEBUCHI(A, T) returns exactly the set of states from which Player 1 has
a winning strategy for Bichi(T).

Proof sketch.

> If W =S: Player 1 plays the attractor strategy to T repeatedly.

> If W #S: every state in S\ W is a trap for Player 1 — Player 2 can
prevent all visits to T. Hence Player 1 must win in the sub-arena
A[S\ L], and the recursion is correct by induction.

Theorem (Memoryless Determinacy of Biichi/coBiichi Games)

Both players have memoryless optimal strategies in Biichi (and coBiichi
games).

Proof sketch.

Player 1's strategy: repeatedly play the memoryless attractor strategy to T.
Player 2's strategy: play the memoryless trapping strategy in the appropriate
sub-arena (by induction on recursion depth). OJ



Parity Games
Objective: Parity(p) where p: S — {0,1,...,d}.

Parity(p) = {p € S| min{p(s) | s € inf(p)} is even}.

» Priorities {0,1}: Bichi, {1,2}: coBiichi.
> Priorities {0,1,...,d}: full parity.

> Key property: Parity(p) is an w-regular language, and every
w-regular language is a finite union of parity objectives.

Remark: Why parity games matter?
Solving parity games is equivalent to:
» Non-emptiness of alternating parity automata.
» Model-checking the p-calculus.
> LTL reactive synthesis (after translation to a parity game on the
product arena).
Complexity: in NP N coNP; quasi-polynomial algorithms known [Calude
et al. 2017].



Zielonka's Algorithm for Parity Games

Algorithm PGSOLVER(A) [after Jurdzinski 2008]

Input: arena A= (S,E,51,5), p: S—{0,...,d} Output: (Wi, W,)
if S=0: return (0,0)

d* + minses p(s); j« 1+ (d*mod2); i+ 3—j [i wins if d* is
min-recurrent; i is opponent]

A« Attri(p7(d"))

if A=S: W« S, W, + 0; return (W1, W)

(W, W3) + PGSOVER(A[S \ A])

if W/ =0: W« S, W,+ 0; return (Wi, Ws)

B« Attri( W)

(W', W3') + PGSoLver(A[S \ B])

W+ W' Wi« S\ W' return (Wi, Ws)

1. j=1+4 (d* mod 2): Player j wins if d* is the minimum priority seen infinitely
often. A= Attr;(p~*(d*)) is player j's attractor to the top-priority vertices.

2. Base cases. A= S (player j attracts the whole arena) or W/ = () (opponent
wins nothing after removing A) = player j wins all of A.

3. Inductive step. W/ # () implies W/ is a trap for player j in A[S \ A]; hence
B = Attr;(W/) is provably winning for player i in the full arena A.

4. After removing B, the second recursion yields
W’ = player j's winning region in A[S \ B]; player i wins W/ UB =S\ W/ in
A.

Complexity: O(|S|%/2 - |E|); exponential in the number of priorities d.



Zielonka's Algorithm: Preamble

Gie

Arena: A= (S5=5WS5,, E, p)
p:S—{0,...,d} (priority function)

Goal: compute the winning partition
WiwW, =S

ji=(d"mod2)+1
i==3—j
Sa = p~(d*)

j is the protagonist: d* is a good colour
for PI. j

(d* even = j=1; d* odd = j =2).
i is the opponent.



Zielonka: Step 1 — Attract to Sy-

S\,
A ttr; (S )

Sy

<

Attrj(Sy*)

Compute A := Attrj(Sq4+)

Base case: A=S

Pl.j attracts the whole arena. Every
play eventually visits Sy4+, so the
minimum priority seen oco-often is d*
(good for PI. j):

W;:=S, W;:=0 — return

Else: AC S.

S\ Ais atrap for Pl.j: = A[S\ A] is
a valid subgame; solve recursively.



Zielonka: Step 2 — First Recursive Call on A[S \ A]

S

A[S\ A

w/

Solve recursively:

(W, W/) := PGSoLVER(A[S \ A])

Sub-case: W/ =10

I
Pl.j wins A[S \ A], hence all of A:
any play either stays in W} (good for
Pl.j) or enters A and visits Sy~ (min
priority = d*, good for PI. ).

W;:=S, W,:=0 — return

Sub-case: W/ #

(green region in diagram).
Pl.i wins W/ in A[S\ A],
and also in the full arena A
as A is a trap for PI. j.

= proceed to Step 3.



Zielonka: Step 3 — Opponent Attracts W/, Second

Recursion

S

[

Sy

Compute B := Attr(W/) in A.

B is winning for PI.i: from B, Pl i
reaches W/ where she wins by the first
recursion.

S\ Bis a trap for Pl.j

No edge exits S\ B under Pl. /s strategy.
= A[S\ B] is a valid subgame.

(W), W) := PGSOLVER(A[S \ B])
Return:
VVJ_ = VVJ'H; VV, :S\ VVj/l — VV’-HUB

PI.i wins W!" (second recursion) U B
(attractor to W/ ).



Memoryless Determinacy of Parity Games

Theorem (Zielonka, 1998)

Parity games are memoryless determined: from every state, each player
has a memoryless optimal strategy.

Proof sketch (by induction on |S]).

> Base case (S = 0): trivial.

» Case W, = (): Player 1 wins from all of S. Strategy: play the
memoryless attractor strategy to p~1(0); once there, restart (Biichi
game with memoryless det.).

> Case W, # (): By induction, both players have memoryless
strategies in W{" and Wj'. Player 2's strategy in Attra(W}):
memoryless attractor strategy. Combining these memoryless pieces
gives a global memoryless strategy.

O

Summary: Reachability, Safety, Biichi, coBiichi, Parity — all
memorylessly determined.



From LTL to Parity Games: The Synthesis Pipeline

[ LTL formula ¢ ]ﬂ)[ Det. Parity Automaton Dw]

Y
Parity Game Zielonka Winning Strategy
G = D, x A (Mealy Machine)

Complexity Practice
> LTL — DPA: doubly Tools: STRIX (TUM), AcAcia

exponential. (ULB)
Efficient on specs of ~1 page.

» Parity game: polyn. in nbr.
states in D, and expon. in
number of colors of D,,.

» Overall: 2ExpTime-complete.



Part 1 Summary: Key Concepts and Algorithms

Key Concepts
> Arena A = (51,5, E, sinit): Player 1 owns Sy (O) Player 2 owns

s, ().
> Play p = sp515,--- € S; strategy \; : S*-5; — S.

» Objectives (w-regular): Reach, Safe, Biichi, coBiichi, Parity — all
memoryless determined (corr. Zielonka's algo).

> Algo: Attractor and recursion.

Algorithms
Objective Algorithm Memory Complexity
Reachability ~ Attractor (CPre fixpoint 1) Memoryless  O(|S| + |E|)
Safety CPre fixpoint | Memoryless  O(|S| + |E|)
Biichi SOLVEBUCHI (recursive) Memoryless  O(|S] - |E|)
Parity PGSOLVER (Zielonka) Memoryless  O(|S|/?|E|)




Part 1 Summary: Connection to Reactive Synthesis
Theorem (LTL Reactive Synthesis via Parity Games)

Given an LTL formula ¢ over inputs / and outputs O, the reactive synthesis
problem reduces to solving a parity game:

¢ realizable <= Player 1 wins G, = D, X Aeny

where D, is a deterministic parity automaton for ¢ and Aeq, is the
environment arena.

Why Parity Games Are Central

» Every w-regular objective reduces to Parity.
» LTL — DPA: double exponential (unavoidable, 2ExpTime-lower bound).
» Parity game solving: quasi-polynomial [Calude et al. 2017], for complete
tutorial see Marcin Jurdzinski's page:
https://www.dcs.warwick.ac.uk/ mju/.
» Overall: 2ExpTime-complete — tight.

Tools in Practice
STRIX (TUM) and Acacia-BonNzal (ULB) implement this pipeline
efficiently for medium-sized specifications.


https://www.dcs.warwick.ac.uk/~mju/

Part 2
Angluin’s L* and RPNI Algorithms:

Active and Passive Learning of Regular Languages



The Active Learning Setting

Goal

Learn an unknown regular language L C ¥* using a Teacher (oracle).
Membership Query (MQ) Complexity
Learner selects w € ¥*. Polynomial in:
Teacher answers: w € Lor w ¢ L. » m = number of states of the

minimal DFA for L;

» n = length of the longest
counterexample.

Equivalence Query (EQ)

Learner proposes a hypothesis
automaton H.
Teacher answers:

> Yes: L(H)= L. Algorithm MQ / EQ

terminates.
Learner

» No: returns a counterexample
w with w € LAL(H).

yes / no + c.e.



The Myhill-Nerode Right Congruence

Definiton v
° | Le=L, )
> same
| future

vElw <— YuelXl', wel & wuel w

V= w

Link to T-Equivalence

Properties Replace ¥* by a finite T:
> Right congruence: v =, w = va =, wa _
forall ae ¥. v=rw
> Refines L: v=,w= (velewel) —
[u=¢e].

> L, :={u| vu € L}: the residual of L by VueT, welewel

v; v=,ws L, =L,
» in a minimal DFA for L, if v =, w, then
reading v or w leads to the same state.

One has =, C =7.

Theorem (Myhill-Nerode)

L is regular <= =, has finite index. The
minimal DFA for L has index(=,) states —
one per class [v];.



Learning Algorithm L* — Observation Table
Access Words and Test Words

Learner maintains two finite sets: Q C * (access words, with ¢ € Q)
and T C X* (test words).

Define T-equivalence: v =1 w <— (vu €l <= wue L) for all
veT.

Rem: =7 is always coarser than (or equal to) =;, we want to discover =

Properties of (Q, T)

» Separability: no two distinct g, q' € Q are T-equivalent.
» Closedness: forevery g€ Q and ae X, 3¢’ € Qst. ga=1 ¢'.

Hypothesis Automaton H

when (Q, T) is separable and closed
» States: Q. Initial state: .
» Transition: §(q,a) = the unique ¢’ € Q s.t. ga=t q'.
> Accepting states: {g € Q| g € L}.

Rem: # is total and deterministic.



Observation Table: Visual Structure

Table layout for Q = {a1, 42, 43} Reading the table

T = {tl, to, t3}2
Each cell (g, t) stores
xe(q-t) € {01},
obtained via membership queries.
Q\NT ‘ t to t3

Row vector of w:

ej1 xe(qt)  xe(at2)  xe(aqits) row(w) = (XL(Wt))teT'

g2 xe(qty)  xe(get2)  xi(gats) TWC.) words are T-equivalent iff
their row vectors are equal.

a3 xe(gsty)  xe(gste)  xue(gsts)

Two conditions
» Separable: all rows in Q are
q1b distinct.
» Closed: every extension row
row(ga) forge Q, ae X
equals some row in Q.

qi1a extension rows (closedness check)




Proposition 1: Size Bound

Proposition 1

If (Q, T) is separable, then |Q| < m, where m is the number of states of
a minimal DFA for L.

Proof sketch
Let A= (X, Qa, 90,9, F) be a minimal DFA for L.

Key observation: if two words u, v € T* satisfy 6(qo, u) = §(qo, v), then
u=r v for anyset T (since A accepts ut iff it accepts vt, for every t).

Contrapositive: if u Z7 v then §(qo, u) # 5(qo, v), i.e., u and v are
sent to different states of A.

Since (Q, T) is separable, every pair of distinct words in Q is
T-inequivalent, hence lands in distinct states of A. Therefore
QI < [Qal =m. O

Consequence: L* issues at most m equivalence queries (each EQ
enlarges Q by > 1 element, and | Q)| is bounded by m).



Proposition 2: Extending @

Proposition 2
If (Q, T) is separable but not closed, then using MQs one can find
g € ¥*\ Q such that (QU {q}, T) remains separable.

Proof sketch
Since (Q, T) is not closed, there exist § € Q and a € X such that

ga #7 ¢ forall ¢’ € Q.

(Found by scanning all § € Q, a € X using MQs to compute row vectors.)

Set g* := ga. Then:
> g* ¢ Q: if g* € Q it would be T-equivalent to itself, contradicting
the above.
» (QU{qg*}, T) is separable: g* is T-inequivalent to every existing
g’ € Q by construction; the separability of the original pairs in Q is
unchanged. O



Proposition 3: Processing a Counterexample

Proposition 3

Given a counterexample w = wy - - - w,, to H, using [log n] MQs one can
find g ¢ Q and t € X* such that (QU {q}, T U {t}) is separable.

Proof sketch
Let g; = dn(e, wy - - w;) be the H-state after reading the i-th prefix.
Call g; correct if x1(gi wit1---wy) = x(w) (i.e. the suffix is handled
correctly).

> gy = &: correct (trivially, x.(e - w) = xr(w)).

» q,: incorrect (w is a CE, so x(qn) # xr(w)).
Binary search ([log n] MQs) finds least index i where g;_; is correct
and g; is incorrect:

Xe(qic1 wi- - wn) # xo(qi Wigs - wh).

Set g* := g;_1w; and t* := w;y1 - - w,. By definition of H's transitions,
gi is the unique T-equivalent of g* in Q; but t* distinguishes g* from g;.
Hence g* ¢ Q and (QU {g*}, T U {t*}) is separable. O



The L* Algorithm (Angluin, 1987)

Algorithm
Q<+ {e}; T<+A{e}
repeat:
Close: apply Prop. 2 until (Q, T) is closed (using MQs)
Hypothesize: build H from separable, closed (Q, T)
Query: submit H to EQ
if EQ returns Yes: return H
Extend: apply Prop. 3 with counterexample to enlarge Q, T
until EQ returns Yes

Theorem (Angluin, 1987)
L* terminates and returns the minimal DFA for L. It uses at most m

equivalence queries and at most m?|X| + mlog n membership queries.

Key invariant: each EQ adds at least one element to Q; by Prop. 1,
|Q| < m, so at most m equivalence queries suffice.



L* Step by Step: Target Language

Target: L = {w € {a,b}* | |w|p, =3 (mod 4)} — words whose b-count

is 3 mod 4.
Minimal DFA (unknown to the States
learner) > qo: [w|p =0

> g1 wlp=1
| 2 g2 ‘W|bE2
> g3 |w|p =3 (accept)

Letters a do not change the
b-count: every a-transition is a
self-loop.

Goal: recover this 4-state DFA
using only MQ and EQ.




L* Step 1: Initialization and First Hypothesis

Init: Q ={e}, T ={e}.

Hypothesis Hq
MQs: e¢ L(0b's), a¢ L, b¢lL

(1b). ab
QAT | e
- o (@)
& 0 One non-accepting state; all
b 0 transitions self-loop.
Extensions a, b both have EQ; answer: No.
row [0] = row(e). Counterexample: bbb € L

Table is closed. Build H. (rejected by Ho).



L* Step 2: Processing Counterexample bbb

Binary search on bbb = wywyws (all states in Hg equal go = €):

i Prefix wy ; State q; Correct? (x1(qi - wit1.3) = x.(bbb))

0 € € xi(e-bbb)=1=1
3 bbb £ xe-e)=0#£1 x
1 b € xi(e-bb)=0#1 X

Boundary: qo correct, g; incorrect. New access word b; distinguishing test word
t = bb (since x (b - bb) = xr(bbb) =1 but x,(¢ - bb) = 0).

Update: Q < {¢,b}, T « {e,bb}.

New MQs: b¢ L; bbbe L; bb¢ L, bbbb ¢ L.

QAT |« bb

€ 0 0

b 0 1 Extensions: row(a) = [0, 0] = row(e);
a,ba | 0 0or1 resp.

bb | 0 0

row(ba) = [0, 1] = row(b); row(bb) = [0, 0] = row(e). Closed.



L* Step 3: Second Hypothesis and Counterexample

Binary search on bbb:

Hypothesis

States go = ¢ (rej.), g1 = b (rej.): i gi Correct?

0 qg=¢ v

1 q1:b \/(X[_(bbb)z].:l)
b 2 go=¢c x(xu(e-b)=0#1)

—’ a Boundary i =1 — 2: new word bb; test
b t = b (since x.(bb- b) = x.(bbb) =1

but x.(e - b) =0).

Update: Q < {e, b, bb},

T < {e, b, bb}.

Check closedness: row(bbb) = [1,0,0]

not in @ — add bbb. Final:

Q = {e, b, bb, bbb}.

a a

EQ, answer: No.
Counterexample: bbb € L,
but (qo, bbb) = g1 (not accepting).



L* Step 4: Final Table and Termination

Final table: Q = {e, b, bb, bbb},

T = {c, b, bb}.
Final Hypothesis H, (=

Q\T |e b bb minimal DFA)

€ 0 0 O

b 0 0 1

bb 0 1 O

bbb |1 0 O

€a 0 0 O

bbba 8 (1) (1) EQ3 answer: Yes!
bblj 10 0 Statistics: 3 EQs,

a < m?|Z|+mlogn = 32+4-2 = 40

bbbb |0 0 0 MQs.

Separable & closed.



Passive Automata Learning: The Gold Problem

Setting

The learner receives a finite sample (P, N) with P N C ¥*, PN N = {):
positive examples (P) and negative examples (N). A DFA A is
consistent with (P, N) if P C L(A) and NN L(A) = 0.

The Gold Problem
Input: a finite sample (P, N) with PN C ¥*, PN N = 0.
Output: a DFA consistent with (P, N) of minimum number of states.
Complexity
» Associated decision problem is NP-complete.
> Hardness holds even for |X| = 2.

» Practical approach: state-merging heuristics.



RPNI: Regular Positive and Negative Inference

Prefix Tree Acceptor (PTA)

Given (P, N), the canonical trie PTA(P, N) has: states = Pref(P U N),
root = ¢, §(u, a) = ua whenever ua € Pref(P U N). Accepting states
= P, rejecting states = N, rest unlabelled.

State Merging [Oncina & Garcia, 1992]
Process states in Length-lexicographic order qg, g1, g2, . - .

1. For each g, try to merge it with each earlier state g; (j < i), in
order.

2. A merge g; < q; is compatible if the resulting quotient has no
state labelled both + and — (checked recursively after folding all
transitions).

3. Accept the first compatible merge found; otherwise keep g; as a
new state.



RPNI: Example

Target: L= {W € {a,b}"
N = {e, b, aa}.

PTA(P, N) Merge trace
(BFS order: ¢, a, b, aa, ab)

|w], odd}. Sample: P = {a, ab},

Attempt  Labels Result

a—e + / —  conflict
b—e —/—  accept
aa— ¢ —/ —  accept
ab— ¢ + / —  conflict

ab — a +/+ accept

Result: minimal DFA (2 states)
O=
OO

b b



RPNI: Completeness

Theorem (Characteristic Sample — Oncina & Garcia, 1992)
For every minimal DFA A with m states over alphabet ¥, there exists a
sample (P*, N*)—the characteristic sample for A—such that:
1. RPNI(P*,N*) =2 A (RPNI returns exactly A, up to isomorphism);
2. |P*| 4+ |N*| = O(m?) and every word has length O(m); in
particular the characteristic sample has size polynomial in m.

Construction sketch
Let ag,...,am_1 be the BFS-access words of A (shortest word reaching
state g; from qo).

» For each g;: add «; to P* if g; € F, to N* otherwise.

» For each pair g; # q; that must not be merged: add «; - s;; and
o - 55 (where s; is the shortest suffix satisfying
3(qi,sij) € F @ 6(q;, sij) € F) to force the necessary +/— conflict.



Part 3
Monte Carlo Tree Search



Monte Carlo Tree Search: The Big Picture

Setting @

An agent interacts with an environment
over a sequence of steps (i.e. like in an

MDP). At each state s, it chooses an ° e

action a € A(s); the environment
returns a new state and a reward.

Goal: find a policy 7:s+— a e e e e
maximising cumulative (discounted)

reward. e explored e not explored
Challenge Tree grows _dee.per where reward
is higher.

State space is too large for exhaustive
search (e.g. Go: ~ 10170 states).

Key idea: build an sparse search tree
that focuses computational budget
(e.g. the number of nodes developed)
on the most promising branches.



The Four Phases of MCTS

1. Selection

traverse tree by tree policy (e.g. UCT-MAB)

2. E i
4. Backprop xpansion

add child node(s)

3. Simulation

~- random rollout to terminal

Each node v stores: visit count Repeat until budget exhausted;
n(v) and total reward W(v). return action with highest n.



The Multi-Armed Bandit Problem

Setting PR

K arms; arm i yields i.i.d. rewards in [0, 1]

with unknown mean p;. X>=0.4

At round t: choose one arm A;, observe

its reward Xa,,: — no other feedback.

Goal: minimise regret ‘41 a=2  aA3 a—k
Regret(n) = nu* —E[Y ], Xa,.i]. exploit xplore?

©* = max; .
In MCTS: each tree node is a bandit;

The Eproration—Eproitation arms = child moves; reward = rollout
Dilemma outcome.

After n; pulls of arm i, empirical mean X

is known.

» Exploit: pull arg max; X; — may
miss the true best arm.

> Explore: try arms with small n; —
wastes budget on suboptimal arms.



UCT: Balancing Exploration and Exploitation
The Multi-Armed Bandit Analogy

At each internal node, choosing a child = choosing an arm. Goal: maximise
cumulative reward while also gathering information.

> Exploitation: prefer children with high average reward X;.
» Exploration: prefer children visited less often.

UCB1 / UCT Tree Policy [Kocsis & Szepesvari, 2006]

Select the child i* that maximises:

S In N

UcT() = X +C "n'
exploitation .

exploration

where X; = W;/n; is the average reward, n; the visit count of child i, N the visit
count of the parent, and C > 0 a tunable exploration constant.

Unvisited children (n; = 0): Trade-off: as n; — oo the exploration
UCT(i) = 400 — always expand term — 0 and selection converges to
before revisiting. the empirically best arm.



Theoretical Guarantees
Regret Bound for UCB1 [Auer, Cesa-Bianchi, Fischer, 2002]

In a K-armed bandit with rewards in [0, 1], UCBL1 achieves after n rounds:

E[Regret(n)] < 3 <8£‘i”+ <1+%2> A,-> — O(KInn),

it A;>0

where A; = p* — p; is the gap between arm i and the best arm. This is optimal
up to constants.

Convergence of MCTS / UCT

» Finite horizon: UCT converges to the optimal value as budget — oo
[Kocsis & Szepesvari, 2006].

> Convergence rate: O(n~'/2) error after n simulations at the root (under
standard assumptions).

» Caveat: the sample complexity can be exponential in the tree depth;
guarantees are asymptotic.

» In practice: neural network rollout policies (AlphaGo/AlphaZero)
dramatically reduce the required budget.
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Hybrid Approaches
to Reactive Synthesis:

Integrating Learning
and Formal Verification
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Sayan Mukherjee, Prince Mathew, Damien Busatto-Gaston, and Debraj Chakraborty



The Challenge of Reactive Systems
Reactive Systems

Fmbedded Caontrol Cammunication Protocols

i

Security Protocels Parts of OS/Chipset . h ¢
g - Vp = iy0yi10y...5,0,... € [Env | Sys] : p F ¢

Lﬂﬂ'ﬂlﬁ LS

* Reactive systems continuously interact with their environment
» Examples: autonomous vehicles, smart devices, medical controllers
- Safety-critical: must behave correctly under all possible situations

 Manual design is notoriously difficult: anticipate and handle all
possible environmental interactions — need for formal methods



The Challenge of Reactive Systems
Reactive Synthesis — Promise and Limits

=

* Reactive synthesis offers an appealing alternative to manual design
 Provide a high-level description (spec) of desired behavior
- An algorithm automatically constructs a system that is correct by construction

Fmbedded Caontrol Communication Protocols

e | ),
g

Security Protocels

e

e But there is a catch
- Computationally challenging
* Undecidable in some settings
- Limits the applicability of purely formal approaches



Formal Methods + Machine Learning
Hybrid Approaches for Reliable Controller Synthesis

 Goal: combine the best of both worlds
- Scalability and flexibility of machine learning
» Correctness guarantees of formal methods

* Many recent works integrates these paradigms
» Learning extends the reach of synthesis
* Formal methods preserve trust

* Here, we present 3 examples



1) LTL Synthesis with Hints
2) Learning FSC for POMDPs
3) Neuro-Symbolic Advice in MCTS



LTL Synthesis with Hints

Augment the traditional reactive synthesis algorithm
with (passive) automata learning

TACAS’23

LTL Reactive Synthesis with a Few Hints

Mowdnle Baladhandes "™ Zommanued Filot, end Jeen-Frangtis Raskin

Université Lbee de Bruxclke, Brusscls, Beleium
rhalacha®ul: be

Abstract, We study a vanant of the oroblom of synthesizing Moaly mo-
l.l;l e |l " ’Ilrtll " .\.".I. ﬂ"'l ;' 1 'l"Il "~ Nr') ;ll\' N“ llll‘ﬁ“l“l' I”’.Ir '.‘;Illll ~ ll[
the environmeant, including hoet'le ones, In tha variant studied here the
user provides the high level ULL apecthzcation ¢ of the system to desigr,
Al.l] "N ‘: llr "y Ill "s Il‘ LR} l"llll“ ']l" i NII‘II‘.II 1 st .:llb'll ]
Owr svothesr algerithie first gamershzes the user-crovided examp es in
£ eing telored extensions of avtocsasa learning algoithons, while pre-
sorving ras’izability of . Second, it turns the (ususly) imcompleta Mealy
mochine obtained by the lecarning phaee inbs a complete Mcaly mackine
l|'4l“'4; Ir' ¥ ".lli' ‘\:Illll’l - e II“I'!I 'l r.ll;l"' l L \'\.‘ll AN'N;\ l!llll '1'Xl|l' 'l'l'
prova laarnability muarantees of our sigorlthm and prove thst our prot-
kem, while generalizing the classical LTL syntlwes.s probdom, matches its
worst-casa complaxity, The acditlonal cost of laarnlng frem E I8 aven
pchynomial in the size of E and in the size of o symbolic representotion of
saliutinns that rea e o, ity « 'A_v the sy thesis tool Avacia-Nonza

Wa fllustrata the practics Intarest of our approach on & sat of examples.

1 Introduction

Reactive systoms are notoriously diffieult to deslgr and even to specily oor-
reetly [1.75)0 As a eomsegueenie, formal methods have enernged as uselul Lools to
help designers to bt reactive svstems that are correct. Far instance, model-
chocking csis the designer to provide a model, in the form of a Mealy machine
M, that describes Lhe resctions of he svstem Lo evenls gencrated Ly its cn-



(LTL) Reactive Synthesis

Classical setting
the « What ?»

=g

- Key ideas of synthesis:
. (i) What versus How
- (ii) Sys is constructed by an algorithm
Therefore, Sys is correct by construction

- Underlying theory: 2 player zero-sum games played on graphs
- Env is adversarial (worst-case assumption)
» Correct Sys = Winning strategy



LTL Reactive Synthesis

An example - Mutual exclusion - CORE Spec

* Input AP: 7, 1,
« Output AP: g, g,

e CORE Spec:

Pcore = (78 Vg) Ay = Qg A = Ogy)

e CORE Spec = properties that you would verify on any
solution to mutual exclusion (e.g. Peterson, Dedecker, etc.) -
Remember “What vs. How”



LTL Reactive Synthesis

An example - Mutual exclusion

* Input AP: 7, 1,

» Output AP: g, g;

Synthesis
algorithm
* CORE Spec:
®  peore = (g VgD Ay = Ogo) A = Ogy) ®

Solution=Winning Strategy=Mealy Machine



LTL Reactive Synthesis

An example - Mutual exclusion

fo’\'c. | 30/\;3'

o A'v, 1 19,Ag,
o A . 119,A4,

% v i | o VAl

% vobils vl

WA N3N G
N 19,4 19,



LTL Reactive Synthesis

An example - Mutual exclusion

* LTL reactive synthesis is 2ExpTime-C

* Nevertheless, “efficient” implementations exist
(medium size spec - X one page)
Tools: e.g. Acacia (ULB-U Antwerpen) - STRIX (TUM)

 Demo: Mutual exclusion (STRIX)

eeeeeeee

Output propositions:
grant_0@, grant_1



LTL Reactive Synthesis

An example - Mutual exclusion

* LTL reactive synthesis is 2ExpTime-C

* Nevertheless, “efficient” implementations exist
(medium size spec - X one page)
Tools: e.g. Acacia (ULB-U Antwerpen) - STRIX (TUM)

 Demo: Mutual exclusion (STRIX)

1tr Synthesize! (Timelimit: 20 sec)
Guaran tees:

1G (!grant_@ | !grant_1)

2 G (request_@ —> F grant_0)

3G (request_1 —> F grant_1) REALIZABLE
Input propositions:

request_o q t_1

st_0, request_ 0] grant_O & !grant_l
Output propositions:

!
grant_0, grant_1 .grant_O & grant_l



LTL Reactive Synthesis

An example - Mutual exclusion

* LTL reactive synthesis is 2ExpTime-C

* Nevertheless, “efficient” implementations exist
(medium size spec - X one page)
Tools: e.g. Acacia (ULB-U Antwerpen) - STRIX (TUM)

 Demo: Mutual exclusion (STRIX)

Synthesize! (Timelimit: 20 sec)

Assumptions:

1 true REALIZABLE
Guarantees: ]

1G (!grant_@ | !'grant_1) [0] grant_0 & !grant_1

2 G (request_@ -> F grant_0)

3G (request_1 —> F grant_1) !grant_O & grant_l
Input propositions:

request_0, request_1
Output propositions:

i Propostone Quality of solution ?
Small is beautiful ?
is “What only” sufficient ?



Space of solutions of ¢-~qre

How to drive the synthesis procedure towards relevant solutions?

Mealy Machines




Quality of solutions

Complete specifications ???

Assumptions:
1 true

) The “What Only” may Guarantees:
lead to solutions that 3¢ {57 £ € eqiests) = (£ )
are not of practical -

3G ((grant_0 & X (!'request_0 & !grant_@0)) —> X (request_@ R !grant_0))
4G ((grant_1 & X (!request_1 & !'grant_1)) —> X (request_1 R !grant_1))
5G (!grant_0 | !grant_1)
6r
7r

|ntereSt equest_0 R !'grant_0
(e.g. unsolicited 3G (request 0 > F grant_o)

9G (request_1 —> F grant_1)
g rantS) Input propositions:

request_0, request_1

. Output propositions:
« Remedy ? Give a e —

“complete”
specification —

 Example: Mutual
exclusion without
unsolicited grants



Quality of solutions

Complete specifications ???

Assumptions:
1 true

* The “What only” may
lead to solutions thz=

Guaras

.........................

exclusion without
unsolicited grants



Our proposal:
Add scenarios (examples)

O PcoRrE

Urg e} o U180: 181 Mg 1} - 1805 81 U g 11} - 11805 81}

» Scenarios are a well-accepted RE technique for eliciting requirements
(considered before @-orEg)

e Easy to produce — the designer controls both inputs and outputs
» Sidestep the core challenge of reactive design: handling every
possible environment input
» Serve as examples/hints that guide synthesis toward "good" solutions
* The synthesis algorithm must produce solutions consistent with the
given scenarios



Another (more appealing) approach
LTL spec + Hints (scenarios)

o @core = (gyVg) Al = Qg A = Ogy)

e + afew Hints:
Urg, !} U0 g M s I } - g0y Mg U g 1} - 11800 81

{ros 11} - 180> 81 HH rg, I} {180, 81}



Another (more appealing) approach
LTL spec + Hints (scenarios)

o @core = (gyVg) Al = Qg A = Ogy)

e + afew Hints:
Urg, !} U0 g M s I } - g0y Mg U g 1} - 11800 81

o« {roort 8018 1 g, I} {180, &1}

ﬁ

Learning+Synthesis




Mixing RS with Automata Learning

Two phase algorithm

Input: examples ¢4, e,, ..

., €, and Pcore

Pre-Mealy Machine

' p
l
M‘in.'f_‘ g
o .
f - 3
. f A
I\ i foa, ~Ayop

Automata
learning
algorithm +
generalizes
examples
(state merging)

\\ ,_-\“b‘;c's -
ST -2 I
q gl - S I
- ’l o , 51 |

2= [ |7

/‘&‘\\ g
RS algorithm & o
to block e 1
generalization
that violates

2)

PCcoRrRE

Fill holes

using RS algorithm
and reuse states
as much as possible
(generalization)




How to maintain efficiency

Theoretical results

* Theorem (Additional polynomial cost)

Given (@, E), SynthLearn(g, E) returns a Mealy machine M
such that £ C L(M)and L (M) C [@] if it exists, in worst-

case doubly exponential time in | @ | and polynomial in | E|.
Otherwise it returns UNREAL.

* Theorem (Mealy completeness):

For all specifications ¢, for all Mealy machines M such that
M FE @, there is a set of examples E of size polynomial in M
and such that SynthlLearn(¢, E) = M.



» If you want a solution where g,comes before g, in case of

concurrent requests:
change the scenario !

e Hints:
o {Irg !ty lgo g #irg, ) - 180,181 U g, i} - 1180, 81

o« {roor}- U180 g1 # U} {80,181 ) "

o AT, 119,Ag,
oA 0, 119,A9,

% v i o)V

% vobil'ls vl




(@core> Eo) . M,

If designer not happy
(Pcores Eo U Legs €, -5 €,}) . Ml

If designer not happy

(¢CORE9 El U {eia eéa coey e;n}) —— M2

Until designer is happy.
Similar to active learning:
designer=equivalence oracle



LTL synthesis with hints

Take home message

 Here ML is used to provide a better setting, and not necessarily
to provide something more efficient

e ... even if this setting allows us to keep the specification concise:

(pCORE On|y+E

and remember: complexity is O (22|¢CORE| - poly( | E'| ))



1) LTL Synthesis with Hints
2) Learning FSC for POMDPs
3) Neuro-Symbolic Advices in MCTS



Learning FSC for POMDPs

Blending: (1) L* (active automata learning),
(2) Sampling (MCTYS),
(3) Probabilistic Model-Checking.

To appear in CAV26

Synthesizing POMDP Policies: Sampling Meets
Model-checking via Learning * **

Abstract. Partially Observable Markov Decision Processes (PONMDPs)
are the standard framework for decision-making under uncertainty. While
sampling-based methods scale well, they lack formal correctness guaran-
tees, making them unsuitable for safevy-critical applications. Conversely,
formal synthesis techniques provide correctness-by-construction but of-
ten struggle with scalabilitv, as general POMDP synthesis is undecidable.
To bridge this gap. we propose a synthesis framework that integrates
sampling, antomata learning, and mocel-checking. Inspired by Angluin’s
L” algorithm, our approach utilizes sampling as a membership oracle



POMDP=Partially Observable MDP

What are MDPs ?

0:0XA— ’x‘Dist(Q)

Q : d strategy 0 : Q* — A to visit Blichi states (parity condition) co-often with prob. at least a from g ?

Letobes.t.o(h-q,) =athenM, XoF IP( O3, 44- g5} = 1)



POMDP: an Example

Grid world - Partial observation

 The robot can only observe the current cell color (starting place is known)

« Possible actionsare 1, | and — . If an action is selected, then the robots

performs the action with probability 0.9 and remains at the current cell with
probability 0.1 (uncertainty)

Objective: find a strategy to keep the probability of avoiding red cells above



POMDP

State are observed through observations
« POMDP=MDP where current state is observed imperfectly

« M =(0,(A),c0 9, O, Obs) where:

« (0 is a finite set of observations
e Obs: Q0 —> 0O
now a strategy should be observation-based:

0. 0% - Ainsteadof 0: Q* - A

4

~—
S



The Belief MDP - A general construction
To reason about POMDP

A POMDP can be transformed into a fully observable MDP:
«States = beliefs b € Dist()

* Transitions: choose action a receive observation z update belief b — b’
(Bayesian update)

*Result: a standard MDP over belief but infinite state space

q




Monte Carlo Tree Search (and the like)

Practical approach to solve POMDP (online)

States=Dbeliefs

Compute

¢
- T Y
o ) H alocally optimal
strate
ds dsg dg o

Partial unfolding @/ \@ * @ f’ \@




Monte Carlo Tree Search (and the like)

Even partial unfolding is too large: sampling!

a @ 2 Balance exploration and exploitation

v

Simulate for L steps (typically L >> H)



Monte Carlo Tree Search (and the like)

Even partial unfolding is too large: sampling!

a1 @ a Balance exploration and exploitation

Vi )

Simulate for L steps (typically L >> H)



Solution: combine MCTS-like
methods with automata learning
and model-checking



Synthesis of Finite State Controller

How to learn such a controller?

| R

s S
i i il 'é{
-.@./_)>@./_>>@ l/—>>

m/ |

G »
L)

v )

o b

Learn a finite state strategy for the
robot, that would keep it safe with probability at

least a, e.g.: Pp, y([1Bad) > 0.7




Induced Markov Chain - Verification in PTime
Synthesis is hard but verification is « easy »

m/7

| ® *@.H s i’

m/ |

,/"\ o . f’-\ l
(lln (2lvn —‘!LO'.J].) l—‘w—b(‘llpn)——y—ﬂ{u).n/lﬁ

RS

MarkOV |(11) 1|—QL> "UnA,_“L’(lal)n\—“—Lb((aﬁ)n,)

Chain X \ o

Text PR H
(ll n)—Q‘L’I"’l). ("Z)n)

"l\« Verifying the correctness
u L ,.3)—&9—»‘ ( z,,,.,} of candidate strategy
;\]m =Model-checking a MC



Synthesis as Automata Learning

L* Learning Protocole

* View policy synthesis as automata learning

* Learn a Mealy machine using an adaptation of L Laatner Teacher

1. An action oracle AO (action queries @A)
Q: What action should | play after history / ?
2. A model checking oracle MCO (model checking queries @M)

Is my candidate strategy (FSC) enforcing the safety threshold ?

* |f learning succeeds, then we obtain:
* Mealy machine (finite-state controller)

* A formal correctness guarantee via model checking



Action Oracle

Use MCTS to answer action queries

history h leads to belief s,

g & Should we play a; or a, ?



Building the Hypothesis

Filling the L* table

Threshold-safety formula: Pp, ([]1—Bad) > 0.7

e Initialise S = {e} andE={ W, W 6 A}

E
H B B
U |E X |—m | X
N B x | x | x
Bl x = I x
“I 'l x | x | x

Initial closed observation table

H BB/ -

8
=

Corresponding FSC



Building the Hypothesis

and submit it to the MC oracle

H R/ -

—Bad) > 0.7

Q Threshold-safety formula: PP p, p(
Correct ? Ask the oracle!

MC oracle says no!

Counterexample: @ H H B



To test validity of a hypothesis

H BB/ -

8
-

Corresponding FSC

Model-checking oracle

For a finite Markov Chain M, if it does not
satisfy a safety specification

P(

Safe) > 1 — a, then there exists a

finite set of finite histories that reaches
—Safe and the sum of probabilities of the
histories in this set is larger than 1 — a.

WY

£~
/ ?n(.ﬁ)>l—a
—




About counter-examples

and the Membership Oracle

ki oL c C
é ?ﬂ()w E (o W
) b o
R Calel :




Processing Counterexample

Add the counter-example to E

H B B B BN
v e X |— | X > —> —
B x |x [x |X X X
N =
. X | [ x | — T\\
i ' x |[x [x [x x x

\ Action Oracle says

« play up »

e ... and fill the table using (©* and make the resultant table closed
* next hypothesis H’

e iterate...



Constructing the Final FSC

H B B B B B
€ X |— | x | — —
B X | |x | —=> 7T m/ T
HE X [— |x |[— 1T 1 _ _ _ ()
B BB - T X A~ A~ T _’@ / = /—> L
H H BN x | T T 1T 1 U
EEEENE[x [T R m/ |
EEEEN x [T ] [T 17

The final observation table Constructed FSC

© The OM query returns True and CPLUS returns this FSC

© PROBLEM SOLVED !



The Learning Framework: Cplus

|

Build H; from
6" queries

AQ

Check using 6

No

|
Yes

MCQ

Yes

Return H,

dp in R that is not
consistent with (4?

CE

processing
No
Fail



Theoretical Guarantees

of the CPlus framework

* Right target: Finite state strategies (FSC) suffice for
threshold-safety problems

 Correctness: Whenever the procedure outputs an FSC, it
satisfies the specification

* Relative completeness: If the policy induced by the
action oracle is correct and regular, then CPLUS Is
guaranteed to terminate with a verified FSC



1) LTL Synthesis with Hints
2) Learning FSC for POMDPs
3) Neuro-Symbolic Advices in MCTS

Formally-Sharp DAgger for MCTS: Lower-Latency Monte Carlo
Tree Search using Data Aggrepgation with Formal Methods

Dby Lhakrnkarty

dvv il Favnr ks
o

ik ke

Ueromsir
Eroo
e bacdons§

2

jean-lransste <ackin
Hanesstsldar dr Fradbs

Drassels Ddzun

ruvfianae eshisgndh e

ABSIRAC]
Werxdy vom 0eVikry ixdva Riad cabods Peex Cuk

[ Ry ) YRS P
qaky recideg bezon pAchie & aegs Nukay

e Polapinabymuviab sdnuginlaspmie

ok LA dadbrimasiy rpvwsbrlow cory =il
g pakiyodorm o Lrperverbibne sotof by wlhe VP
har cnndin cailwa wmrlbitinis wasledrnmctha
l-unl.‘-lltulul‘v-!‘-lbn .o

whwim riien

wewnidyne
- b
bocpared e s wwtstion] o eheching 1y dewct mbey o
L vurg e wre oed ed 100t 13 Soons (ke pd el negk
sradivaaina dws 1o wii dednabpuiy ddwu
etk prgeaixalropny sl piey Nothurar
Iwowsl e mdodd e NN Jw wabdde b iohe od
P dbn neeerh
nhforsr kuxeg Ut

drvdiorgw mnle

v pepdwr sevwlwwra by cobmx

mten eeatta-Lsvhan
Har %os by Oodtml LVTL FoMnie
Cresi. Framc
derrey baoed)s goxas¥e pecir

Lintlerma & Verex
Ponr gy o Astary

werp Dol

raswitmews le

ol

[ BITIR USRS NIRRT S & 7] A
trinbliapnddinciab-vligadiialimbiannd
wad ooy 4] The Dabsen m el ny e teoly, e gty
neiprn wlieygedisalople Thadwad (renih-
Crut b des ot o Sonchomurk 5o |7

Witk 1ol Rie DIEM wd Sooem cax haoedk vy lup o
e aw gypaiiom amu leiniwdasidipdma ad vl

pose bl by Muvar dlade muls vy merwd nndidngl
resfxocr o eurmng (BL incheboe oy mr ook es bourt s st
T e ke
oo & <rber
u ol tua iy
b bruyiisfepvporemsior wor dane,enw
sotzel wd soborporirarse paw o

b2 Ol wort, e i e oo ezt motweds, rch wende
e L R s e e T e P L
e b NI Cokemimb ww widr aw S the VETS davil e
wth pwmvevme banes hrn fandowlakl anjenncnl
L I D ¥ WCTE Fathor b brperer iy

Incamigacr Lhr Ny Ure Tree Sonsch

AAMAS’23



Synthesize a strategy for PacMan

Decidable but too large

Maximize total expected payoft

Challenge: underlying MDP contains 10'° states
Too large for exact methods



How to use models when static analysis fails?

Use MCTS-like methods online
and improve them with formal methods



Monte Carlo Tree Search
With Symbolic Advice

X X v v X
> An advice is a subset of Paths'(sp)

» Defined symbolically as a logical formula ¢ (reachability or safety
property, LTL formula over finite traces, regular expression .. .)



Monte Carlo Tree Search

Advice for exploration - Maximize probability

di @ dn
9 o
“ \\\\ Y
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® ® a ¢ * ® * e
y < y y Y y y 3 Y y o
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Explore only actions a € Act that gives high probability for ¢
vo(80, @) = max,P(p, T,%a - 0))

In PacMan, advice:
keep probability of avoiding ghosts in next 10 steps high!



PacMan MDP is too Large

Use MCTS to explore it online
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PacMan

Advice: avoid ghosts at all cost

¥
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PacMan

Advice: avoid ghosts at all cost

% <10 /\izl,...,4 (xp’ yp) 7& (xgi’ ygi)

Latency
\ MCTS 55% X

MCTS + Expert

_ 90% X+X
advice
MCTS |+ N cu?al 87%
advice
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Percentage of wins
1 Win ] Draw [ Loss




How to get a
latency g petter



Improving Latency

By training a neural network from model-checking

* The problem. Symbolic advice ® queries the model-checker
online for every state = accurate, but high latency.

 The idea. Train a neural net ./ 4 to imitate the model-checker,
so MCTS calls ./ 4 at runtime instead of MC (low latency).

* What we learn. Given a state, the network scores every action
by how likely we are to satisfy the specification (avoid ghosts
for 10 steps) if we play it — and at run time, at each step, we
pick a top-scoring action.

* Why it works. Labels come from the MC (perfect, offline); the
dataset stays focused on states where being wrong actually
CcOosts you.



PacMan example

Playing with the safety neuro-symbolic advice
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MCTS with symbolic and neural advice

Conclusion

 Symbolic advice: a way to inject expert knowledge
into MCTS

* |f the symbolic advice is inductive and can be
enforced with probability one :
formal guarantees ( = shielding )

 Symbolic advice may induce a too large latency

* Neural advice can lower latency and retain most of the
benefits of (exact) symbolic advice



Take home message
Three ways of combining ML and FM

* LTL synthesis + hints (TACAS'23) — scenarios carry the design
intent; ¢ stays concise and stays formal. Synthesis becomes
usable on real specs.

* POMDP FSC synthesis (CAV'26) — L* with two oracles: MCTS
proposes actions, model-checking disposes of wrong
hypotheses. We retain verification's guarantees.

* (Neuro-)symbolic advice in MCTS (CONCUR'20, AAMAS'23) —
a neural net imitates the model-checker
— shielding-style safety with low latency.



